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Abstract 

We define a 3-algebra with structure constants being symmetric in the 
first two indices. We also introduce an invariant anti-symmetric tensor into 
this 3-algebra and call it a symplectic 3-algebra. The general A/" = 5 super- 
conformal Chern- Simons- matter (CSM) theory with S0{5) R-symmetry in 
three dimensions is constructed by using this algebraic structure. We demon- 
strate that the supersymmetry can be enhanced to A/" = 6 if the sympelctic 
3-algebra and the fields are decomposed in a proper fashion. By specifying 
the 3-brackets, some presently known Af = 5,6 superconformal theories are 
described in terms of this unified 3-algebraic framework. These include the 
A" = 5, Sp{2N) X 0(M) CSM theory with S0{5) R-symmetry , the AT = 6, 
Sp{2N) X f/(l) CSM theory with SU{4:) R-symmetry, as well as the ABJM 
theory as a special case of U (M) x U {N) theory with SU (4) R-symmetry. 
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1 Introduction 



Recently, Chern-Simons-matter (CSM) theories with extended supersymme- 
tries in three dimensions have attracted a lot of interests, because they are 
natural candidates of the dual gauge descriptions of M2 branes. About 20 
years ago, generic Chcrn- Simons gauge theories (with or without matter) 
in 3D were demonstrated to be conformally invariant at the quantum level 
[1], [2], [3], [4], [5]. However, to describe M2 branes, one needs to further 
introduce (extended) supcrsymmetries into the CSM theories. 

The — S CSM theory in D — 3 with SO (A) gauge group was first 
constructed independently by Bagger and Lambert [9] and by Gustavsson 
[10] (BLG), in terms of the totally anti-symmetric Nambu 3-brackcts [6, 7, 8]. 
The BLG model is known to be the dual gauge description of two M2 branes 
[14, 15, 16]. The Nambu 3-algebra equipped with a symmetric and positive- 
definite metric is essentially unique [17, 18]: It generates only an 5'0(4) 
gauge symmetry. If, in place of the symmetric and positive-definite metric, 
one introduce a Lorcntzian metric, then the so-called Lorentzian 3-algebra 
can be used to generate an arbitrary gauge group [19]. However, it was shown 
that the BLG model constructed from a Lorentzian 3-algebras is actually an 

= 8 super Yang-Mills theory [20, 21], not a CSM theory. 

A little later, Aharony, Bergman, Jafferis and Maldacena (ABJM) have 
been able to construct an A/" = 6 superconformal CSM theory with gauge 
group U{N) X U{N) and SU{4) R-symmetry [22]. In their construction, the 
Nambu 3-brackets did not play any role. At level k, it has been argued that 
the ABJM theory describes the low energy limit of N M2-branes probing a 
C^/Zfc singularity. As k = 1,2, the supersymmetry is enhanced to A/" = 8 
[11, 12, 13]. In large-A^ limit, the ABJM theory becomes the dual gauge 
theory of M theory on AdS^ x S'^ /Zk [22]. Some further investigation of the 
ABJM theory can be found in Ref . [23, 25] . In Ref . [26, 27] , it has been argued 
that one can also obtain the superconformal gauge theories with more or less 
supcrsymmetries by taking a conformal limit oi D — 3 gauged supergravity 
theories. Using super Lie algebras to classify the gauge groups, Gaiotto and 
Witten (GW) have been able to construct a large class of A/" = 4 CSM 
theories [28]. The GW theories are extended to include additional twisted 
hyper- multiplets [29, 30] . By generalizing Gaiotto and Witten's construction, 
two new theories, AT = 5, Sp{2M) x 0{N) and A^ = 6, Sp{2M) x 0(2) CSM 
theories, were constructed, and the ABJM theory was re-derived as a special 
case of U{M) x U{N) CSM theories [30]. The M theory and string theory 
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dualities of = 5, Sp{2M) x 0{N) and = 6, U{M) x U{N) were studied 
in Rcf. [31]. 

In an interesting paper, Bagger and Lambert (BL) have been able to 
construct the J\f = 6 ABJM theory in a modified 3-algebra approach, in 
which the structure constants are antisymmetric only in the first two indices 
[32] . By introducing an anti-symmetric tensor into a 3-algebra (symplectic 3- 
algebra), the authors have constructed another class oiJ\f — 6 CSM theories: 
the ones with gauge group Sp{2M) x 0(2) [33]. Encouraged by the successes, 
it is natural to ask whether J\f = 5 CSM theories can be constructed in terms 
of a 3-algebra or not. Furthermore, it is also natural to ask whether all Af — 
5, 6 CSM theories can be constructed by a unified 3-algebraic framework. In 
this paper we will propose to solve these two problems. 

In section 3, we define a symplectic 3-algebra in which the structure 
constants of the 3-brackets are symmetric in the first two indices. The gen- 
eral J\f — 5 superconformal Chern-Simons-matter (CSM) theory with SO{5) 
R-symmetry in three dimensions is constructed in terms of this symplectic 
3-algebra. In section 3.2, we provide the M = 5, Sp{2N) x 0{M) CSM the- 
ory as an example by specifying the 3-brackets. In section 4, we demonstrate 
that the supersymmetry can be enhanced to TV" = 6 by decomposing the sym- 
pelctic 3-algebra and the fields properly, and the FI and the symmetry and 
reality properties of the structure constants of the J\f = 6 3-algebra can be de- 
rived from their Af = 5 counterparts. Therefore all J\f — 5,6 superconformal 
CSM theories are described by a unified (sympletic) 3-algebraic framework. 
By specifying the 3-brackets, the X = Q, Sp{2N) x U{1) and U{M) x U{N) 
CSM are derived in section 4.2 and 4.3, respectively. Especially, the famous 
ABJM theory is obtained as a special case oi N" — 6, U{M) x U{N) theory. 

Note added: Very recently when we were working on the final version 
of our manuscript, a work [39] appeared, which contains some results over- 
lapping partially with this paper. 

2 Symplectic 3-algebras 

It is known that one can construct D — S^Af — 6 CSM theories by using a 
3-algebra, in which the structure constants of the three-bracket are antisym- 
metric only in the first two indices [32] . This is a natural generalization of the 
Nambu 3-algebra whose structure constants are totally antisymmetric [6]. A 
further generalization would be to introduce a 3-algebra in which the struc- 
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turc constants are symmetric in the first two indices. In this section, we wiU 
define such a 3-algebra and then use it to construct J\f — 5 CSM theories in 
next section. 

By definition, a 3-algebra is a complex vector space equipped with a 
ternary, trilinear operation, called the 3-bracket. This operation from three 
vectors to one vector can be completely determined by its expressions in 
terms of a basis (or a set of generators) (a = 1, 2, • • • , X): 

[Ta,Tb;Tc] = fab/Td, (1) 

where the set of complex numbers fabc'^ are called the structure constants. 
Here we assume that 

[T„T,;Te] = [T5,T,;T,], (2) 

i.e., the structure constants fabc'^ are symmetric in the first two indices. 

For a field X valued in this 3-algebra, i.e., X — X'^T^, we define the global 
transformation of the field as [9] : 

5-^X = K'^\T,,Tb;Xl (3) 

where the parameter A"** is independent of spacetime coordinate. (We will 
gauge this symmetry transformation in subsection 3.1). Because of Eq. (2), 
we require that A"* is symmetric in ah, i.e., A'^'' = A*". Equation (3) is the 
natural generalization of 5\X = A"[Ta,X] in an ordinary Lie 2- algebra. For 
an ordinary Lie 2-algebra, the Jacobi identity is equivalent to 

5a{[X, Y]) = [SaX, Y] + [X, S^Y]. (4) 

That is, SaX — A"[Ta,X] must act as a derivative. Analogously, one may 
require that Eq. (3) acts as a derivative [9] : 

6^i[X, Y-Z]) = feX, Y- Z] + [X, 6-^Y- Z] + [X, Y- 6-^Z] (5) 

Cancehng k°'^,X'^,Y^ and Z"^ from both sides, the above equation leads to 
the following fundamental identity (FI): 

[T;, To; [Te, Tf- TJ] = [[T„, T^; T^], T^; Tj + [Te, [T„, T,; T^]; Tj + [Te, Tf [r„, n; TJI 

(6) 

Later wc will demonstrate that the FI is equivalent to the invariance of the 
structure constants: Sj^fabc' = (see Eq. (11)) [32]. 
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To define a symplectic 3-algebra, we introduce an anti-symmetric tensor 
Uah and its inverse into the 3-algebra. The existence of the inverse of Uat 
(dctu ^ 0), and the Eq. Uab = —^ba imply that a 3-algebra index a must 
run from 1 to = 2L. The symplectic bilinear form is defined as follows: 

uj{X,Y)^uJabX''Y'. (7) 

We require that the above bilinear form to be preserved under arbitrary 
global transformations, namely, 

S^iuabX-Y") = 0. (8) 

This implies that the structure constants satisfy the condition: 

^defabc^ = ^cefahf- (9) 

Now the component form of Eq. (3) can be written as 

5~^X^ = h"'fbc/X<' 
= A'^dX'^. 

With the above definition of A"^, Eq. (8) must be equivalent to 

<^A^o6 — —A^a^cb — A'^b^ac 

— —A.'^'^ifdea'^UJcb + fdeb'^'^ac) 

= 0, (10) 

where we used Eq. (9) in the last line. Prom point of view of ordinary Lie 
group, the (infinitesimal) matrices — A^q are in the Lie algebra of Sp{2L, C), 
preserving the anti-symmetric tensor Uab [33]. 

By using the Fl (6), one can prove that the structure constants are also 
preserved under the global symmetry transformations [32]: 

( fabe^fgfc fabf^fegc fabc^fefg ~l~ fabg fefc^) (-^-^) 

= 0, 

where we have used the FI (6) in the second line. In other words, Eq. (11) is 
equivalent to the FI (6) . Thus we can use uUab and fabc'^ to construct invariant 
Lagrangians, when the symmetry is gauged. 
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Later, when we gauge this global symmetry, we require that the gauge 
fields must be anti-hermitian, leading to a reality condition on the structure 
constants (See section (3.1)): 

/:6c' = -a;"^a;''^a;^^a;,,/e//. (12) 

Since A'^'' carries two symplectic 3-algebra indices, it obeys the following 
natural reality condition 

A*"'' = UMh-"". (13) 

Since the 3-algebra is also a complex vector space, there is a hermitian bilinear 
form: 

h{X, Y) = (14) 

(with X*"' the complex conjugate of X"-) which is positive-definite and will 
be used to construct the Lagrangian of matter fields in CSM theories. The 
hermitian bilinear form is also required to be preserved in the sense 

5-^h(X, Y) = 5^(X*«y«) = 0. (15) 

As in Ref. [33], we will impose the reality conditions on the fields valued in 
the 3-algebra, so that respecting them will make the anti-symmetric tensor 
(7) and the hermitian bilinear form (14) compatible with each other. Namely 
the reality conditions essentially require that X*°- transform in the same way 
as cUafeX^ under the above symmetry transformations. In fact, by using the 
reality conditions (12) and (13), it is easy to prove that 

= A.*\X*^ = -A^X*^ (16) 

The last equality indicates that the matrix A"^ is anti-hermitian. Comparing 
(16) with 

S^icOabX") = -A\{uj,cX'=), (17) 

we see that X*"' indeed transform in the same way as UabX''. Therefore, it 
makes sense to denote X*"- as X^, i.e., 

= Xa. (18) 
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Also, with (16), Eq. (15) is satisfied: 



= -A\X*''Y'' + X*''A\Y^ 

= (19) 

By (18), the hermitian bihnear form (14) can be written in a manifest invari- 
ant form: ^ 

x*"r" = XaY" = x„(5^y^ (20) 

and Eq. (19) is equivalent to the following equation: 

5j,S\^A\S%-A%5\^0. (21) 

In summary, the global transformations (10) preserve the hermitian bilinear 
form (14) and symplectic bilinear form (7) simultaneously. Or in other words, 

S^Uab^O and S^S\^0. (22) 

Prom point of view of ordinary Lie group, the symmetry group generated by 
the 3-algebra transformations (3) or (10) is the intersection of U{2L) and 
5p(2L,C), which is Sp{2L). 

We call the 3-algebra defined by the above Eq. (1), (2), (6), (7), (9), (14) 
and (12) a symplectic 3-algebra. ^ 

To construct jV = 5 CSM theories, the 3-bracket will be required to 
satisfy an additional constraint condition (see section 3.1): ^ 

c^([r(„,T,;T,)],T,) = (23) 

Or simply f^^bcf = 0. Now Eq. (23) implies that a;([7;, T^^, T^Ta)) = and 
u!{[Ta,Tb;Tc],T(i) — a;([Tc, T^; Ta], Tb). In summary, the structure constants 
have the following symmetry properties: 

^defabc — ^defhac — ^defahc — ^hefcda^- (24) 

"'^By our convention, the hermitian bihnear form is h{Ta, Tf,) = 6"'b- In [32], it is denoted 
as hab, which becomes 6ab in an orthonormal basis. 

^Wc gave the name 'symplectic 3-algcbra' in our previous paper [33]. 

•^While we were writing this paper, the Ref. [34] appeared which contains a definition 
of 3-algebra similar to our definition of symplectic 3-algebra of this paper. See also [35]. 
Maybe there is a connection between our approach and theirs. 
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3 D = 3, A/" = 5 CSM Theories 
3.1 General A/" = 5 CSM Theories 

We first postulate that all matter fields are valued in the symplectic 3-algebra. 
We then assume the theory has an SO (5) = Sp{4) R-symmetry. It is conve- 
nient to use the <S'p(4) indices for /^-symmetry. We denote the eight complex 
scalar fields as Z^, and their corresponding complex conjugate = Z^, 
where A — 1, 2, 3, 4 transforms in the 4-dimensional representation of 5'p(4), 
and a is a 3-algebra index. Similarly, we denote the fermion fields and their 
complex conjugates as ip'X and -0^, respectively. The gauge fields are defined 
as 

A^/'d = Affabd": (25) 

where = 0, 1, 2. Finally, we also impose the reality conditions on the fields: 

y*a _ AB yb 

d — —^ca^ A IX b, 
A*;'^ = UaeU^bfA^f. (26) 

The last two equations of (26) and Eq. (25) require that the structure con- 
stants obey the reality condition: 

/:6c' = -cu'^'uj'fuj'^^ujaHfef,''. (27) 

In terms of the symplectic 3-algebra, now we propose the following man- 
ifestly Sp{4:) covariant, J\f — 5 SUSY transformations: 

sz% = iiA^'rB 

5A,% = ie^^T/.V's^A/aOd^ (28) 
Here t^^ is the antisymmetric supersymmetry parameter, satisfying 

^AB ^ _^BA 
^AB^^"" = 

e*Aj, = u'^'^u^^ecD. (29) 
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Namely, they transform as 5 of S'p(4). The last equation of (29) is the reality 
condition on eab- The covariant derivatives are defined as 



D,Z^ = d,Zj-A,^,Z^ (30) 
D^Zi = d^Zi + A^\Z% (31) 

Following BL's strategy [32], we will derive the equations of motion by 
requiring that the supersymmctry transformations are closed on-shell. Let 
us first examine scalar supcrsymmetry transformation. By virtue of the 
identities in the appendix A, we find 

[S,,S2]Z\ = v''D,Z\-p,^^A'^''Z^' + p,^^A'''z'A, (32) 

where 

v'' = -'-e^^^^e,BD, (33) 

A'^'^ ^ -^Z|,Z^(6f ^62^^ - 6t^6i^^) = A'^^ (34) 

and the e bilinear is symmetric in CD. While the first term of Eq. (32) 
is the gauge covariant translation, we have to impose some conditions on 
the structure constants so that the remaining terms add up to be a gauge 
transformation. (We will read off the parameter of the gauge transformation 
by looking the closure of the algebra on the gauge fields.) 

We tentatively assume that the third term of Eq. (32) is proportional 
to the gauge transformation. So the second term of Eq. (32) should be 
also proportional to the gauge transformation. This leads us to impose an 
additional constraint condition on the structure constants: 

-jifbdc"' + fbcd") = -^fcdb"', (35) 

where a is a constant, to be determined later. Now the second and third 
term of Eq. (32) can be combined as 

^(-a + 2)/,,,"A^'^Zl, (36) 
which should be the gauge transformation. 
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Let us now look at the gauge fields: 

(37) 

where the last term 0{Z'^) is fourth order in the scalar fields Z. We recognize 
the second term of the first line as a gauge transformation 

- {D^A''')W = -D,{A''Un (38) 

by a parameter A"^ = A'^fcdb"', since the FI (6) or (11) implies that D^fcdb"^ — 
[32] . In accordance with the parameter, now (36) must satisfy the following 
equation: ^ 

^{-a + 2)WA'^''Z\ = A'^'^WZ'^. (39) 

This equation can be solved by setting a — —1. Or in other words, Eq. (39) 
can be solved if Eq. (35) can be written as 

fibcdf = 0, (40) 

which is equivalent to Eq. (23). Now Eq. (32) becomes 

[Sr,S2]Z'X = v^D^Zl + A\Z\, (41) 

as expected. 

Following Gustavsson's approach [10], one can demonstrate that the FI 
(6) admits an explicit solution in terms of a tensor product: fah/ = kmn'T^T^'^^ 
where kmn is the Killing-Cartan metric of Sp{2L), and t^I = UacT^'^b [28]. 
The matrix T'^i, is in the fundamental representation of Sp{2L), and Uac 
is the S'p(2L)-invariant anti-symmetric tensor. Now Eq. (40) implies that 
kmnTl^hTc)d ~ which is first derived by GW [28]. In the GW theories, it is 
the key requirement for enhancing the J\f = 1 supersymmetry to the J\f = 4 
supersymmetry. 

^According to our convention, if (5^^^ = A"(,Z^, we must set (J^A^u^ft = — I>^A°(, so 
that Sj.iD^Z'X) = k\{D^Z\). 
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By using the FI (6) and the symmetry conditions (24), one can prove that 
the last term of Eq. (37) vanishes: 

0{Z^) = 0. (42) 

So the second hne of Eq. (37) must be the equations of motion for the gauge 
fields: 

F^.\ - e^.x{ZlD^Z^^ - '-^'"'i^i^i)^ = 0. (43) 
Now only the first line of Eq. (37) remains: 

[5i,52]A^\ = v'F^^^-D^AX (44) 

which is the desired result. 

Finally we turn to the fermion supersymmetry transformation: 

+ -(,ei e2BA - ^2 ^IBAj-Cyc 

—v^YE^ (45) 

where 

E^^ = rD^rA - WZ'^Z^'^i + 2/,,,«Z|ZlV'^'- (46) 

Hence the equations of motion for fermionic fields are E% — 0. The scalar 
equations of motion can be derived by taking the super-variation of the 
fermionic equations of motion: 

5E\ = 0. (47) 

After Fierz transformation, we obtain two independent parts, containing 
^^cbc and ebci respectively. The part containing j^€bc nierely implies the 
equations of motion for the gauge fields, so we will not write it down here. 
The part containing €bc reads 

(^(5fF^]» + G^^^'^^eBc = 0, (48) 

where 

= -D'Z'"' + iWZ^'^^'^il^'c + ^fefd'fgcb'^Z'cZ'^'^ZiZ^'Z^^, (49) 
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and 

,3 



r< BCa^ 
<^A ^BC 



2 

+ ^{fefd^ fgch" + fceb^fgfd' + '^feb/fgfc'')ZDZ^''Z^'^Z^''Z{ 



Since the parameters esc are traceless, in the sense that u^'-^eBC — ^b^ — 
0, Eq. (48) must be equivalent to the following traceless equation: 

^^F^]-^ _ l^^^F^ + - ^cu^^cudeGa'''"' = 0. (51) 

Contracting on AC gives the scalar equations of motion: 

F^- + -Ga^^'' - -G^A^" = 0. (52) 
5 5 

After some simplification we obtain 

= -D'Z^ - tU/iZ!i,^^^p'a - ^Z^'^^'c^!) (53) 

--^{falJfgdJ + fabdc'fgcJ + '^fabe^fcdg^ - 'ifabJ'fgdJ)Z\Z^''Z^Z'^''Zf. 

All the equations of motion can be derived as the Euler-Lagrangian equa- 
tions from the following action: 

C = \{-D,Z^D^Z'X + ii,^D,YrA) 

_l^AB^CD^,j„,/(Z«Z^VSSV'^) - 2Z'XZ%i,'M) 
+\e>^''\uo^Uc'Afd,Af + '^-ujfnfabc'fgdJ'AfA'^A'^) (54) 

--^{'^fabc fgdf" - '^fcda fgfb" + '2fabd^fgcf'')Zj^Z'^°-Z%Z^''Z'^Z^. 

With the reality conditions (12) and the first equation of (26), one can recast 
the potential term into the following form: 

^=^(TW)*Tlsc, (55) 



where 



^ABC = fabc {ZaZbZc + ^(^SC^l^D^ '')■ (56) 
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Therefore the potential term is actuaUy positive definite. Also it is not diffi- 
cult to verify that the Lagrangian (54) has manifest A/" = 5 supersymmetry 
with Sp{A) R-symmetry; namely it is indeed invariant (up to some boundary 
terms) under the supersymmetry transformations (28). It is easy to check 
that the above Lagrangian is a scale invariant, local field theory, provided 
that the structure constants are dimensionless. This implies that the theory 
is classically conformal invariant. We expect that after quantization it is 
conformally invariant at the quantum level. 

In the same manner as in our previous paper [33], if we specify the 3- 
brackets properly, certain Lie algebra of the gauge groups can be generated 
by the FI (6) of the 3-algebra. In the next subsection, we will provide the 
AT = 5, Sp{2N) X 0{M) CSM theory as an example. 

3.2 TV = 5, Sp{2N) X 0{M) CSM theory 

To generate a direct product gauge group, such as Sp{2N) x 0{M), we first 
split one 3-algebra index into two indices: a — i- kk. As a result, a 3-algebra 
valued field becomes . We also decompose the antisymmetric 

tensor as ujab '^ki^kh where ujf^i is anti-symmetric, and require to 
be valued in the bi-fundamental representation of Sp{2N) x 0{M). (Here 
A;, / = 1, • • • , M are the 0{M) indices while k,l ^ ,2N the Sp{2N) 

indices.) With this decomposition of uiabi we can rewrite the reality condition 
(26) as 

^ u^^oj^SuZi (57) 

and similar conditions for the fermion and gauge fields. Consequently, the 
hermitian bilinear form of two fields 

^^^^^^abZ^Z^ = Z*j^Z\ = Z^Z% (58) 

can be rewritten in a trace form: 

Z'^^zf = T.{Z^^Za) (59) 

We then specify the 3-brackets as follows: 

\^kh '^if '^rnm] = K^kll^krh^ml + ^kl^^lm'^mk ~ ^kmi^kFl^ + ^Im^^kFkm) ■ (60) 
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The overall coefficient k on the right-hand side is assumed to be a real con- 
stant. It is straightforward to verify that the 3-brackets satisfy the FI (6) 
and the constraints (23). The corresponding structure constants are 

It is not hard to check that the structure constants have the symmetry prop- 
erties (24), and satisfy the reahty condition (27). We observe that the struc- 
ture constants are the same as the components of an embedding tensor in 
Ref. [27]. This is not merely an accident, and we will explore their relations 
in a coming paper. With this choice of structure constants, the gauge fields 
(25) become: (We re-scale A"^^ by | in eq. (25).) 

2j mm A kk,ll r mm 

■^H nil — Jkk,U,hn 

— ( A m . A m \ rm , / rj m , td m \ rm 
= ~\^fin "T h)(J n "T {—-Dun "T -Dyn nJO fi 

= Afj^ nS n ''f A^ n. (62) 

It is easy to see that Af/^n is the Sp{2N) part of the gauge potential, because 
it can be written as ^^'(^fcf)™'n, where {t^)^n is the fundamental represen- 
tation of the ordinary Lie algebra Sp{2N). Similarly, we can identify A^™„ 
as the 0{M) part of the gauge potential. As we explained in our previous 
paper [33], the Lie algebra of the gauge group Sp{2N) x 0{M) is actually 
generated by the FI (6) after we specify the structure constants by Eq. (61). 

We would like to derive the J\f = 5, Sp{2N) x 0{M) Lagrangian and the 
corresponding supersymmetry transformation law in the 3-algebraic frame- 
work. With the notation (59), the kinetic terms for matter fields in the 
Lagrangian (54) read 

- ^Tr{D,Z^^D^ZA - ii^^^D^Y^A) ■ (63) 
With the choice of the structure constants (61), we learn that 

uJdefabc'^X''Y^Z^W'^ = -A;Tr(XY^ZW^ + YX^ZW^ - ZX^YW^ - ZY^XW^). 

(64) 

Hence the Yukawa terms in the Lagrangian (54) become 

ike^^'^^TriZAi^lZci^^^) (65) 
-z^Tr(V^lZ5Zt^V'^ - i^AZlZ^i^^^ - 2i^\ZBZ^^r + 2V^^Zt^Z^4), 
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where we have used the following Sp{A) identity: 

Substituting the definition of the gauge fields (62) into the 'twisted' 
Chern-Simons term in the Lagrangian (54) gives the conventional Chern- 
Simons term 

l^e^'^>^Tr{A,dAx + \a^AA^ - A^d^A, - ^A^A^A^). (67) 

Finally we want to calculate the potential terms in the Lagrangian (54). 
By using Udefahc" = ^cefau", they can be re- written as 

lTr(2[Z^, Zs; Z^][Z^, Zj,- Zc\^ - 9[Z^, Z^; Z\Z^ , Z^- Z^]t 

+2[Z^,Zb;Zc][^^,^a;^^]^). (68) 

The last two terms can be combined together: 
^}{^ 

— ——{ujAFi^BE^^CD — '^^AF^BC^DE + '^^AC^BF^DE — ^AE^BF^CD 

10 

+UACOJBEOJDF - uae0Jbc0Jdf)MZ'' z"^"" Z^^ Z^ z"^^) . (69) 
The first term becomes 

— {2ujad^be^cf + ^^ab'^cf^de — ^ujae^^bd^^cf + ^ad'^bc^ef 

—2uJab^CD^EF — i^AC^BD^EF + ^AD^BF^CE + 2uJab^CE^DF 

-ujAFUJBDUJcE)Tr{Z''z'"'Z^Z''^Z''Z^'') . (70) 

Clearly, they can be simplified further. Taking account of the cyclic property 
of the trace, there are only four possible potential terms: 

{ciUaD^J-'BE^CF + C2^BD^CE^AF + C^i^AD^CE^BF + C^^Ucd^AE^Bf) 

xTr{Z''Z^''z''Z^''Z^Z^^), (71) 

where Ci, ■ ■ ■ and C4 are constants. After some work, we reach the final 
expression for the potential: 

^Tr{-6ZAZ^^ZBZ^^ZcZ^'' + AZaZ^^ ZeZ^^ZcZ^"" 

+ZaZ^'^ZbZ^^ZcZ^^' + ZaZ^^ZbZ^^ZcZ^^). (72) 
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In deriving this potential, we have used another Sp{A) identity [30]: 

£gabc^^^^^ = ^^-^lA^B^C] (73) 



In summary, with the choice of the structure constants (61), the Lagrangian 
(54) is given by 

jC = -^Tr(L>^Zt^L>'^ZA-iV;^^L>^7'^z^A)+^^£''^''''Tr(Z^4Zc4) 

+^e''''^TT{A^d,Ax + '^A.A^Ax - A^d^A^ - ^A^A^Ax) 

+—Tr{-6ZAZ^^ZBZ^^ZcZ^^ + AZaZ'^^ ZbZ^^ZcZ^^ 

+ZaZ^^ZbZ^^ZcZ^^ + ZaZ^^ZbZ^^ZcZ^^) , (74) 

Substituting the structure constants (61) into (28), the SUSY transfor- 
mation law reads 

5Za = ieA^tpB 

6^A = T'^^^^se^A - ye^A(Z[BZt^Zc] + ZbZJ;Z^) 

+ fe^B{ZicZ^''ZA] + ZcZ\Z^) 
bA^ = ike^^'^^iZAi^i + iJBZl,) 

5A^ = -ike''''^^{iljlZA + Z\x/jB). (75) 

The A/" = 5, Sp{2N) x 0{M) Lagrangian (74) and the supersymmetry trans- 
formation law (75) are in agreement with those given in ref. [30], which were 
derived in terms of ordinary Lie algebra. This theory has been conjectured to 
be the dual gauge theory of M2 branes probing a C^/Dfe singularity, where 
Dfe is the binary dihedral group [30, 31]. 



4 D = 3,J\f=6 CSM Theories from 3-algebras 

In Ref. [30], the J\f = 6 theories arc derived from the M = b theories 
by enhancing the R-symmetry from Sp{A) to SU{A). In this section we 
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will implement the same idea in the context of 3-algebras. We will call the 
symplectic 3-algebras presented in this paper and in Ref. [32], respectively, 
to construct the Af = 5, M = 6 theories as the "A/" = 5, A/" = 6 3-algcbra", 
respectively. We will see that the symplectic 3-algebra provides framework 
unifying the = 5 and A/" = 6 CSM models. 



The enhancement of R-symmetry from 5*^(4) to SU{4:) in ref. [30] is based on 
the following observation: The reahty condition (26) implies that the complex 
conjugate of a matter field can be obtained by a similarity transformation. 
Therefore the matter fields actually furnish a pseudo-real presentation of the 
gauge group. If we decompose this pseudo-real representation into a complex 
representation and its conjugate representation, then the >S'p(4) R-symmetry 
will be enhanced to 5'C/(4), and the global A/" = 5 SUSY will get enhanced 
to A/' = 6. 

In this section, we will show that this enhancement can be implemented 
exclusively in the framework of symplectic 3-algcbra, which thus provides a 
unified framework for both A/" = 5 and A/" = 6 theories. Since in our approach 
the ordinary Lie algebra of the gauge groups is generated by the FI and the 
3-brackets, the challenge we face is to derive the Af — 6 3-algebra from the 
3-algebra proposed in this paper. 

Following ref. [30], we first decompose an A/" = 5 scalar field as a direct 
sum of an A/" = 6 scalar field and its complex conjugate (See eq. (80)): 



{ZX)M=5 ^ ZT = Z^Xla + UJABZ^X2a = Z^A^la + UJABZ^S2a, (76) 



where the right hand side of the arrow contains Af — 6 fields. Here the index 
a of the left hand side of the arrow runs from 1 to 2L, while the index a of 
the right hand side of the arrow runs from 1 to L. And Xia and X2a are "spin 
up" and "spin down" spinor, respectively; i.e.. 



To make the Af = 5 SUSY transformation law (28) consistent with that of 
Af = Q (see below the first two equations of eq. (95)), we have to decompose 
the Af = 5 fermion fields as follows: 



4.1 General Af=6 CSM Theories 




(77) 



(78) 
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where the right hand side contains J\f — 6 fermion fields. We further decom- 
pose the anti-symmetric tensor ouab and its inverse as 

Uab — >■ CUaa,bl3 — (^o''(^la(^2/9 — (^"6(^2a(^l/3, 

^ab ^ ^aa,bp ^ Sa%aSl^ - S\S,j2^ . (79) 

Then the reahty condition (26) reads 

Z*/ = Z% = V'Aa, (80) 

in agreement with those for A/" = 6 theories. This justifies the above decom- 
position (79) of the anti-symmetric tensor of the — 5 3-algebra to derive 
the M = 6 3-algebra. 

To be compatible with the decomposition of scalar and fermion fields, one 
has to decompose the gauge fields as 

{^n"'b)Af=5 ^n°'°'b/3 — ^i/b^la^ip — ^fJ'a^2a^2l3, (§1) 

where the right hand side is a direct sum of A/" = 6 gauge fields and their 
complex conjugates. Since our gauge fields {Af/iijj^j-^^ are defined in terms 
of the structure constants of a 3-algebra, i.e., 

{Af,''d)^f=5 = {Af fabd'')M=5, (82) 

(see also Eq. (25)), we have to decompose its structure constants properly to 
result in the desired decomposition Eq. (81). We find that Eq. (81) indeed 
follows from the decomposition of the structure constants given by 

,bl3,c^ 

+f'^'^daSlaS2fiS2'ySis + f'"^caSlaS2pSij52S, (83) 

combined with the decomposition of {A^)j^=5 given by 

«)Ar=5 ^ Al^'"^ = -1{A,\5,J20 + A,\52aSi0). (84) 

With these decompositions, the J\f = 6 gauge fields become: (see the right 
side of Eq. (81)) 

A-n'^d — AfJ^af'^^'bd- (85) 
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Later we will identify the above f'^"'bd in the right side of eq. (83) as the 
structure constants of the A/" = 6 3-algebra. With eq. (79) and (83), the 
reality condition of the structure constants (27) reduces to 

r'cd = r'ab, (86) 

as desired for the Af — 6 3-algebra [32, 33]. 

Since we decompose a matter field as a direct sum oi a Af — 6 matter 
field and its complex conjugate, it is necessary to decompose a generator of 
the 3-algebra as a direct sum of a generator of a 3-algebra and its complex 
conjugate. This can be accomplished by setting 

{Ta)Ar=5 Taa — taSia — ^"^20, (87) 

where is a generator of the 3-algebra, and ta its complex conjugate. 
The hermitian bilinear form of two J\f — 5 fields will be (for instance) : 

lya rvA I rya rvA (QQ\ 

— ^2A^\a + ^\A^2a- \°^) 

Namely, it becomes a sum of the hermitian bilinear form of two M = Q fields 
and its complex conjugate. Generally speaking, the hermitian bilinear form 
of two arbitrary J\f — 6 3-algebra valued fields will become 

h{X,Y) = X:Ya = X^Ya. (89) 

The reality condition (86) and Eq. (83) imply that the J\f = 5 3-bracket 
(1) can be decomposed as a direct sum of jV = 6 brackets and their complex 
conjugates as follows: 

[Ta , Th ; Tc] A/'=5 ~^ [Taa , T},p \ T^vy] 

= [t"', f^; tb]52a^ipS2'y + [t"", f^; tb]*5iaS2^Sij 

+ [t\ t'; ta]5ij2p52^ + [t\ ta]*52jip5^^. (90) 

Here the 3-brackets 

[t\e-M = rMf". (91) 

are those for the M = Q 3-algebra. Such 3-brackets were first proposed by 
Bagger and Lambert [32] for a jV = 6 CSM theory. An unusual feature of 
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the 3-brackets is that it involves complex conjugate for the third generator. 
Our above decomposition from the A/" = 5 3-algebra reveals clearly the origin 
of the need for complex conjugation of the third generator. 

Later we will see that the structure constants defined in Eq. (91) are 
indeed anti- symmetric in the first two indices. (See Eq. (93).) With Eq. 
(90), the fundamental identity (6) reduces to 

f^%greb - r^gbrde + egF' db - rgbP^ed = 0, (92) 

as desired. Also the constraint condition (23) on the structure constants and 
the symmetry properties (24) of the structure constants reduce to 

= -f'^^ ^ (93) 

One easily recognizes that eqs. (89), (91), (92), (86), and (93) are those 
defining the Af — 6 3-algebra used in ref. [32]. (The relation between the 

Af = 6 3-algcbra and super Lie algebra was discussed in Ref. [36].) 

Substituting Eq. (76), (78), (83), and (84) into the Af = 5 Lagrangian 
(54) and the SUSY transformation law (28), and using the 5*^(4) identity 
(66) and (73), we reproduces the Af = 6 Lagrangian 

—SABcnr'cdi^^^r'Z^Z^ - '-e^^'^^r'abi^Aci^BdZ^cZ'n 

+le^''\r\dA,%d,AA + \rdgP'fbA,\A/Ax^e) (94) 
2 1 

/ fab fed feb fad \ rye rvA rvf rvB rvg rvD 

and the Af — 6 SUSY transformation law reads 
SZi = -i€ABi^^'' 

5^Bd = rD,ZieAB + r'odZ':ZtZ^c^AB + r''aiZ':Z^Z%ecD 
SjP^'' = ^''D^Zie^^ + f^abZ^Z'^Z^e^^ + r^abZ^Z'j.Z^e'''' (95) 

b 

ad- 

Here the SUSY transformation parameters €ab satisfy 

eAB = -eBA (96) 

* _ AB _ ^ ABCD^ /Q7\ 



M/rf = -ieABl^.Zti^^'rbd + ie^''l^Z'Xi^Bbr' 
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Now the parameters ej^s transform as the 6 of SU{4). It is in this sense 
that the global A/" = 5 SUSY gets enhanced to A/" = 6. The Lagrangian (94) 
and the transformation law (95) are the same as the ones obtained in the 
3-algebra approach for J\f = 6 theories in ref . [32] . 

The J\f — 6 superconformal CSM theories in three dimensions can be clas- 
sified by super Lie algebras [28, 30, 38] or by using group theory [37]. Two pri- 
mary types are allowed: with gauge group U{M) x U (N) and Sp{2N) x f/(l), 
respectively. In the next two subsections we will drive these two theories by 
specifying the structure constants of the J\f = 6 3-algebra. 

4.2 A/" = 6, Sp{2N) X ^7(1) 

The Lagrangian and SUSY transformation law for this theory were first con- 
structed in ref. [33], starting from a formalism for the symplectic 3-algebra, 
involving an anti-symmetric tensor, that is different from the 3-algebra for- 
malism of Bagger and Lambert [32] . Here we would like to present the theory 
completely in the framework of ref. [32]. We first specify the structure con- 
stants as ^ 

(98) 

where A; is a real constant, u""^ an antisymmetric bilinear form {a,b = 1, 2, ■ ■ ■ , 2N) 

= = 1 and e+_ = — e |_ = Here a,b are the Sp{2N) indices 

while -|-, — the 5*0(2) indices. And uja-,e+ = i^ae^-+ is the gauge invariant 
antisymmetric tensor. Since uja-,e+ is non-singular, Eq. (98) is equivalent to 
the following equation: 

= k{uj'''uj^ + 5''dS\-5\5'd)S^+S++. (99) 
Suppressing the S0{2) indices gives 

r\d = k{u'''u,d + S''dS'c-S\6\). (100) 

It is not too difficult to check that the structure constants satisfy the FI (92) 
and the reality condition (86), and also have the desired symmetry properties 

^In the Lagrangian (94) of section 4.1, the index a runs from 1 to L. In this subsection, 
we spht it into two indices: a — ?■ a±, and set L = 47V. We hope this wih not cause any 
confusion. 
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(93). We see that after suppressing the SO (2) indices, the structure constants 
are the same as the components of an embedding tensor in Ref. [27]. 

In fact, in accordance with Eqs. (85) and (100), the gauge fields can be 
decompoesed into two parts: 

= A^\r\, (101) 

= -(^^/+A/d) + (Va)^'d 

It is natural to identify as the U{1) part of the gauge potential, and -B^'^d as 
the Sp{2N) part. The reason is that we can recast B^'^a as A1^(tabYd, where 
{tabYd is in the fundamental representation of the Lie algebra of Sp{2N). 

We substitute the structure constants (100) into (95). We then obtain 
the Af — 6 (on-shell) SUSY transformation law in the theory (see Appendix 
B.l). The equations of motion can be derived from the Lagrangian obtained 
by substituting eqs. (100) into the Lagrangian (94) and replacing A^^a by 
^A^^a (see Appendix B.l). The SUSY transformation law (116) and the 
Lagrangian (115) are indeed in agreement with the Af — 6,Sp{2M) x U{1) 
superconformal CSM theory derived from the symplectic 3-algebra in ref. 
[33] , or from the ordinary Lie algebra in ref. [30] . 

4.3 TV = 6, U{M) X U{N) 

The Lagrangian this theory has been constructed in ref. [32] . For this paper 
to be self-contained, it is worth to present the Lagrangian and SUSY trans- 
formation law of D = 3, J\f = 6, U{M) x U{N) theory in this subsection. 

To generate a direct gauge group such as U{M) x U{N), we split up a 
lower 3-algebra index a into two indices: a — >■ nn, where n — 1,...,M is 
a fundamental index of U{M), n = 1,...,N an anti-fundamental index of 
U{N). With this decomposition, the hermitian inner product (89) can be 
written as a trace: 

x:Ya ^ = = TV(xty), (102) 

where the superscript "t" stands for the usual transpose. On the other hand, 
according to the definition (89), the hermitian inner product can be also 
written as: X^Ya = X"'Ya, which leads us to decompose an upper index a as 
a nn. Thus the hermitian inner product can be written as 

X;Y, = ^ X^^i;^ = Tr{XY) = Tr(Xtr). (103) 
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We then specify the 3-bracket (91) to be 

[t it J tmm] k(^6 rh6 mt S iji5 ). (104) 

The structure constants can be easily read off as 

J mm,nn — "'y-' m'-' n'-' n'-' m '-' n'-' m'-' m'-' nj- \^^'-'J 

It is straightforward to check that the structure constants f'^'^'^^ mih,nh satisfy 
the FI (92) and the reahty conditions (86), and has the symmetry properties 
(93). The structure constants are first discovered by BL [32] (though they 
did not write down Eq. (105) exphcitly), and they are also the same as the 
components of an embedding tensor in Ref. [27]. 

Now let us show that the 3-bracket (104) is indeed equivalent to Bagger 
and Lambert's 3-bracket [32]. Writing X = X^^jJ'^, and Z = Z'^'^tmm, by 
Eq. (104), one can get 

[X, Y- Z] = k{XZY - YZX)r,nf''^. (106) 

The right hand side is the ordinary matrix multiplication. It is exactly the 
same as Eq. (53) of Ref. [32]. In accordance with eq. (105), the gauge fields 
can be decomposed as 

? fefe A mm _ rkk,ll 

■^IJ, nh -^/i llJ mm,nh 

— A ^K-.^^ — A 

= A,Ks\ + A,'^jK. (107) 

So the 3-bracket (106) and the FI (92) generate a U{M) x U{N) gauge 
group [32] , with A^'^n the U (M) part and A^'^n the U (N) part of the gauge 
potential. 

The supersymmetry transformation law and the Lagrangian in this the- 
ory can be obtained by substituting the expression (105) of the structure 
constants into eqs. (95) and (94), and replacing Afj_^a by |^^''a- To make 
the paper self-contained, we include the results in Appendix B.2. The SUSY 
transformation law (120) and the Lagrangian (117) are in agreement with the 
D = 3,Af = 6 U{M) X U{N) CSM theory, which has been derived from the 
ordinary Lie algebra approach in ref. [30] and from the 3-algebra approach 
in ref. [32]. 

This theory is conjectured to be the dual gauge theory of M2 branes a 
C^/Zfc singularity. li M — N, this theory becomes the well-known ABJM 
model [22, 23, 25]. 
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5 Conclusions 



In this paper, we first introduce an anti-symmetric tensor ujab into a 3-algebra, 
with structure constants of the 3-bracket being symmetric in the first two 
indices. We call it a symplectic 3-algebra. We then construct the general = 

5 superconformal CSM theory with Sp{4) R-symmctry in three dimensions 
in terms of this symplectic 3-algebra. All matter fields take values in this 
symplectic 3-algcbra. The gauge symmetry is generated by the 3-bracket 
and FI. By specifying the 3-brackets, we provide the Af — 5, Sp{2N) x 0{M) 
CSM theory as an example of our theory. It would be nice to see if CSM 
theories with other gauge groups (for example, G2 x SU{2) [27]) for multiple 
M2 branes can be generated in a similar way with the 3-algebra approach. 
Also it would be interesting to generalize the symplectic 3-algebra theory, so 
that it can describe CSM quiver gauge theories. 

We have succeeded in enhancing the Af — 5 supersymmetry to J\f — 6 
by decomposing the sympelctic 3-algebra and the fields properly. At the 
same time, we also demonstrate that the FI and the symmetry and reality 
properties of the structure constants of the J\f = 6 3-algebra can be derived 
from the Af — 5 counterparts. Hence some of = 5, 6 superconformal 
CSM theories are described by a unified sympletic 3-algebraic framework. 
It would be nice to investigate the relation between these two kinds of 3- 
algebras further. By specifying the 3-brackcts, the A/" = 6, Sp{2N) x U{1) 
and U{M) x U{N) CSM, including the ABJM theory, are derived. We also 
compare the approach used in our previous paper [33] with that of this paper. 
The same theory {Sp{2N) x U{1)) are derived by starting from different 3- 
algebra formalisms. 

It would be nice to construct the A/" < 4 superconformal CSM theories 
[39, 40] for multiple M2 branes in terms of 3-algebras. 
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A Conventions and Useful Identities 

In 1 + 2 dimensions, the gamma matrices are defined as {ji^jju} = '^rjixu- 
For the metric we use the (—,+,+) convention. The gamma matrices can 
be defined as the Pauh matrices: 7^ = (i(T2, (7i, (73), satisfying the important 
identity 

TmTi/ = Vt^u + £^i/a7^- (108) 

We also define e^'^^ — —e,j.v\- So e,j.v\s''^^ — —15/. The Fierz transformation 
is 

(Ax)^ = -\{Xi^)x - \{hui^)Yx- (109) 

Some useful Sp{A) identities are 

-AC^ B -AC ^ B _ -BC^ A -BC ^ A /-.-.r^N 

^ef^7.e2CD5B = et^lue2BC-4^7.eiBC (HI) 

^^l ^2BD — ^^2 ^IBD — ^1 ^2DE<Jb ~ ^2 ^IDE^B 

-AE^ rC , -AE^ cC 

— ^1 ^2DE(Jb^^2 ^IDEOb 

+ ^\^^2Be5'b) — ^2^^1Be5% (112) 

— ef'^e2BB(5^ + ^^^IBE^D 

1 -EF 

-^ABCD^l lix^2EF — ^lAB^ij.^2CD — ^2ABlti^lCD 

+ ^lADlix^2BC — ^2ADln^lBC (US) 

— ^lBDlfj.^2AC + ^2BDln^lAC 

e^BCD ^ _^AB^CD^^AC^BD_^AD^BC_ (^14) 

The 5*^(4) indices can lowered and raised by the anti-symmetric tensor ujab 
and its inverse u^^ . 



B SUSY Transformation Law and Lagrangian| 

in L> = 3, A/" = 6 CSM Theories 

For this paper to be self contained, below we give the exphcit form of the 
SUSY transformation law and the Lagrangian for the D — 3,J\f — 6 CSM 
theories with SU{4) i?-symmetry. For the notations, see the corresponding 
subsections in the text. 
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B.l Sp{2N) X U{1) CSM Theory 

The Lagrangian of the theory is given by 

+ik{Zli,Abi'^''Z^ - Z'sZlfij^yAa - Z^UJ^a^'^'^^ljAaCo'^'Z^) (115) 
-2tkiZl^ljAl,^p''''Z^ - Z'^Z^ij^'^ijAa - Z%UJ,,^^''tljAaUj'''Z^) 

-ike^''^''{Z'XijBaZ'c1pDb - \z'A^cdZii>Bai^'''^Db) 
-ikSABCDii^^'-Z^r'Z^ - U^Uj'^'Z^i^^'^U^,^^'') 

+^e^''^A^d,Ax - ^s'^'^TriB^d^Bx + ^B^B^B^) 

Q U2 ryB , ,ab lyD rye lyA rye , , ryd , rya ryB ryh ryD rye ry A 

-6K Zj^ iO Zj^ Zj^/j^ Z^UJcd^-g + —ZjA^a ^B^b ^D^c 

h2 _ 

r)r,2 rya ryB ryb ryD ryC ry A i rya ryB ryb ryD rye ry A 

— AK ZjA^a ^D^b ^ B^ c + ~^^B^a ^D^b ^ A^ c ■ 

The SUSY transformation laws are given by 
bZ^ = -ie^^Vfid 

8Z\ = -ilABi''"' 

S^Bd = YD^ZjeAB - kZ'^u^^'ZtujaeZ'ceAB - kZ';iu^^Z^UdcZ%ecD 
—kZcZa Zd^AB + kZQZ^Z^eAB — '^kZ'^Z^' ZfecD 

-kZ^Z^Zie"^^ + kZ'^^Z^' Z^e"^^ - 2kZ^Z^Z^e^^ 
5A^ = -ikeABl^i^'"'Z^ + ike^''^^Z'Xi,Ba 

= lk-eABl^.u:^''Z^Udbi^''^ - ike^''^^uJdbZ\uj''''iJBa 

+ik-eABl^Ziij''' - ike^'^'^^Z^A^Bd. (116) 

B.2 U{M) X U{N) CSM Theory 

The Lagrangian of the theory is given by 

jC = -Tr{D^ZAD''Z^)-tTT{,lj^YD^^A)-V + Ccs 
-ikTi{i,^ijAZBZ'' - i^^Z^Zsi^A) 

+2iA;Tr(^^^BZA^^ - ^^Z^Z^^s) (117) 
+ikeABCD'^{'ip''Z^i^''Z'') - ike^''^''T,{ZDil^AZc'4^B) ■ 
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The Lagrangian (117) is the same obtained by BL [32], except for that we 
re-scale the gauge fields by a factor | . The potential term is 

V = 2k''TY{ZAZ^ZBZ^ZcZ^)--^TY{Z'^ZBZ^ZAZ^Zc) 

-jTviZ^ZAZ'^ZsZ^Zc + ZaZ^ZbZ^ZcZ^). (118) 

The Chern- Simons term reads 

Ccs = ^e^^'Tr + ^4i.iA - A^d^A^ - '^A^A^A^^ . (119) 

The J\f — 6 SUSY transformation laws, which are closed on-shell with the 
equations of motion derivable from the above lagrangian (117), are given by 



SZ^ = -ie^^Vs 

6Za = -ilABi'^ 

S^Pb = YD^Z^AB + KZ^'ZcZ'' - Z^ZcZ^'Yab + IkZ^^ZsZ^'ecD 

S^^ = YD^ZAe^"" + k{ZAZ^Zc - ZcZ^ZA)e^'' + ^kZ^Z'^Zcf'' 

bA^ = -ikeABlf^-ip^Z'^ + ike^^l,^ZA-^B 

SA^ = ikeABli^Z^'i/j'' -tke^'^'^^ijBZA. (120) 
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